HYPERGEOMETRIC OPERATOR SERIES AND
RELATED PARTIAL DIFFERENTIAL EQUATIONS

BY
L. R. BRAGG()

1. Introduction. In several earlier papers ([3]-[7]), J. W. ‘Dettman and the
author introduced and made application of the notion of related partial differential
equations. Two initial-boundary value problems are said to be related if a solution
of one of them is obtained by performing a transformation on a solution of the
other. An elementary calculus for treating a number of such related problems was
developed in [6]. In some cases, these connections permitted the proving of unique-
ness [3]. The purpose of this paper is to extend this calculus to a broader class of
problems through the introduction and use of hypergeometric operator series and
their properties.

In order to motivate the ideas of this paper, we introduce some formalism. Let

(1.1) j%ﬁ&ﬂ“%ﬂ=0

be a linear ordinary differential equation with polynomial coefficients, having an
ordinary or regular singular point at, say, 7=0. Assume further that this equation
has a series solution >, a,7/ whose coefficients are connected by a two term
recurrence formula. Then, such a series can be expressed in terms of a hyper-
geometric series. If we introduce the change of scale r=Az, the above equation
becomes

i Nf(At)DE=7y(ed) = 0.
ji=0

Taking A=P(x, D), a linear partial differential operator independent of ¢t and D,,
the equation obtained is an “operator differential equation” with the formal
operator solution >>, a;P(x, D). If ¢(x) is a function having suitable analyticity
properties, the function

u(x, 1) = 2 at’P'(x, D)$(x)
j=0
is then a formal solution of the partial differential equation
'k
1.2) > f(tP(x, D)P'(x, D)- Dfu(x, t) = 0.
j=0

If a,=1, then u(x, 0)=4¢(x).
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The difficulty with this formalism is that it assumes that a meaning can be
attached to the series >;2, a;1’P’(x, D)$(x). This requires that ¢(x) be, at least,
analytic. The precise requirement depends upon the operator P(x, D) and the
coefficients a;. In some cases, this formal series can be identified with a solution
operator that requires less restrictive assumptions on the function ¢(x). For
example, if a;=(j!)~! and P(x, D)= D,, then this series can be interpreted as the
translation ¢(x+1¢) if ¢(x) e C*. Similarly, if a,=(j!)"* and P(x, D)= DZ, this
series can be identified with the Poisson integral formula which defines the solution
of the standard heat equation. The concern here will be with identifying other
such series, with less restrictive solution operators, through related partial differen-
tial equations.

For this purpose, let O,(tP(x, D)) denote the above solution operator series for
a problem =,. Assume that O,(tP(x, D)) can be expressed in terms of a solution
operator series O,(tP(x, D))=>, b;t’P’(x, D) for a simpler and solvable problem
m,. Then, we can use this relationship to motivate a connection between the solution
functions of the pair of problems =; and m, attached to these two operator series.
The correctness of the resulting relationship between the solutions of the two
problems can then be proved directly. The continuity requirements on $(x) are
then dictated by this established relationship between solution functions and the
operator P(x, D). The notions of well-posedness and ill-posedness are clearly
involved in this. If a fundamental solution is known for =,, the relationship may
permit the construction of a fundamental solution for ;.

In order to have a mathematical model suitable for proofs, we restrict ourselves
to hypergeometric type differential equations and the corresponding hypergeometric
operators ,F,(ay, . . ., oy; B, - - -, Bg; tP). Numerous other equations can be reduced
to this type by appropriate changes of variables. Some of the basic notations,
definitions, and properties of the hypergeometric functions suitable for subsequent
developments will be discussed in §2. These properties will be stated as theorems
involving shifts on the indices p and ¢, or on the parameters «; or ;. We also define
P(x, D) there with more precision and note the meaning of e*¢(x) for certain
P(x, D). Those formulas of §2 that pertain to shifts on the indices p and g will be
used in §3 to motivate, state, and prove theorems concerning the relationship
between solutions of problems of partial differential equations whose underlying
equations are possibly of different orders. The proofs will indicate why P(x, D)
can, in some real sense, be regarded as a parameter as mentioned earlier. The
formulas involving shifts on the parameters «; and B; are used in §4 to reduce
problems to a form that permit an application of the results in §3. Applications of
these results will be given in §§5 and 6. The last of these will be concerned with an
interpretation of the theorems of §4 for the Euler-Poisson-Darboux equation. It
will be seen that many of the results obtained by A. Weinstein and his collaborators
follow almost immediately. The use of the tools of ordinary differential equations
greatly simplifies many considerations.
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Theorems on uniqueness will not be discussed except in special cases. These
usually depend upon having more information than is needed for the type of result
proved here. When additional information is supplied, uniqueness often readily
follows from the relations between the solutions.

2. Generalized hypergeometric functions. In this section, we recall some of the
basic definitions and properties of the generalized hypergeometric functions needed
for the ensuing development. Additional results pertaining to these functions can
be found in [10] and its references.

The generalized hypergeometric function ,F, is defined by the basic formula

0 I_I ( t)n n
@.1) Fuess oy i Bus e s Bs2) = 14 Z z
n= (ﬁf)n n'

where (0),=o0(c+1)---(e+n—1). The function is unchanged by permuting the
o’s among themselves and the B,’s among themselves. We use the notation
oF(=; Bis - .., Bg; 2) if p=0 and define [ 17, (&), =1 if p=0. A similar definition
holds for ,Fo(ey, - . ., o,; — ; 2). If some of the «; are nonpositive integers, then (2.1)
reduces to a polynomial in z. None of the f; are permitted to be nonpositive
integers in (2.1). If p<gq, the series (2.1) converges for all finite z and if p=g+1,
this series converges for |z| <1 and diverges for |z| > 1. The case p>g+1 is of no
interest since the series (2.1) then only converges at z=0.

For certain purposes, it is more convenient to rewrite (2.1) in terms of the gamma
function as

- 2 - zn
(22) oFe = ]pl Z T ‘n!’

In other situations, it is convenient to use the function
q

(2.3) bGaleny . ooy @3 By ooy Bas 2) = oFy / {1’] F(ﬁj)}-

j=1
This is particularly so if any one of the B; is a nonpositive integer. The terms of the
»G, function involving gamma functions of nonpositive integers may then be
suppressed from that function. If we let 6 denote the operator zD,, then ,F,
satisfies the differential equation

(2.4) {a fl (0+8,—1)—z ﬂ (o+a,)}w(z) =0

when no B; is a nonpositive integer. If some §; is a nonpositive integer, the equation
(2.4) applies to the ,G, function. Logarithmic solutions of (2.4) will only be
considered in a special application.

If all of the o;’s and B,’s in (2.1) are >0, we have the following standard theorems:
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THEOREM 2.1. If p<q and 0;>0, 8,>0 for all i and j, then
pFa(ess -« s ap5 Bay oo, Bos 22)

= tl-ﬁq[‘(ﬁq)'%_l{s_ﬁquq—l(ah ceey Op Bla ceey Bq—l; z/s)}s—d
where &, 1{f(5)}s-. denotes the inverse Laplace transform of f(s) with s the variable
of the transform and t the variable of inversion.

2.5)

THEOREM 2.2. If p<q+1 and all «; and B; are positive, then
pFalas, .. a5 B, o, B3 2)
1 -]
2.6) S L =905 1 F(ar, + -y @y 13 Brs- - Pa; 20) do.

THEOREM 2.3. Let p<q+1 with B,>«,>0 and no one of B, ..., B, zero or a
negative integer. If |z| <1, then

I'(B)
PFq(ala ey U Bl, ey Bq; Z) = ﬁ
2.7 VRIS

1
fo“p‘l(l—a)”a'“p'lp_qu_l(al,...,a,,_l;ﬁl,...,ﬁq_l;zo)do.

0

If p <g, the condition |z| <1 may be omitted.
We also need results when some of the «’s or 8;’s are nonpositive. The following
results can be obtained by rearranging the series in (2.2) and using the definition

2.3).
THEOREM 2.4, Let some of the B;'s be negative integers or zero with —m the
minimum of these. Then

pGa0s - 03 By ooy B 2)

p .
28) = z"'“{n M—Q},Gq(a‘+m+l, v tptm+1; Bi+m+1,. .05 2).
iz (@)
THEOREM 2.5. Let some of the «’s and B;’s be negative but not integers. Let
—m+y=min (ay, ..., 0¢; By, ..., By) where m is a positive integer and 0<y<1.
Then

m—1 fI (al'l'n)
qu(al, vy “p;ﬁh' () B‘Z;z) = Z ‘;1
2.9) e Il @™

+CC*z™ 1 Fpyi(oy+m, ... op+m, 15 B14+m, ..., B+m,m+1;2)
where C=[T1}-1 T(B)/[ -1 () and C*=[Tf-; I'(es+m)[[m! [T}-1 '(B;+m)].
Observe that the ,,,F, ., function in (2.9) reduces to
1
m f (1—o)" L F(es+m,...,0o+m;Bi+m,. .., B,+m;o0z)do
0

by Theorem 2.3.
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From these five theorems, we see that the ,F, functions can be built from the
function (Fo(—; —; z)=e* by means of convolutions, Laplace transforms, and
inverse Laplace transforms supplemented possibly by polynomials and polynomial
multipliers. These results indicate the rather basic importance of the exponential
operator ef*:D) noted in the Introduction, since all other such hypergeometric
operators can be interpreted in terms of this one.

In order to construct examples, let x=(x,,..., x,) and let D=(D,,..., D,)
with D;=0/0x;. Then define

P(x,D)= > a(x)Dj-- D
0<IA|Sm

where all A,20 and |A|=A;+ - - - + A,. The conditions required on the coefficients

a,(x) for the solvability of the problem

Ulx, t) = P(x, D)U(x, t), U(x, 0) = ¢(x)

will not be considered here. If P(x, D) is an elliptic operator of the form

n

Z a,{(x)D,D,,
1.7

the reader is referred to [8].

If n=1, we have the following interpretations for u(x, t)=e!f*-PD¢(x) for special
choices of P(x, D):

(i) P(x, D)=x"D,, then u(x, t)=¢(xe") if p=1 and [x{l —(p—1)xP -1}~ 1r-1]
if p#1 provided ¢(x) € C*.

(ii) P(x, D)= D2, then u(x, t)=(4mt) =112 [* e~ *-0%t4(£) dE If

$(x) = Z a, sin nwx,
n=1
then u(x, t)=>2_, a,e” """ sin nwx.

(iii) P(r, D,)= D2+ ((xp—1)/r)D,, then u(r, t) denotes the solution of the radial
heat equation ([1], [2]). If n> 1, we have similar interpretations. The general theory
developed in no way depends upon using differential operators for P. If 4 is a linear
operator that is ¢ independent, such that one can attach a meaning to e‘4$(x),
then the theory is applicable (subject, of course, to the growth restrictions demanded
in those theorems). For example, if A¢(x)= [} ¢(£) d¢, then

e*h(x) = 4+t [ HEUCA) 4y g

Another possible interpretation, for A, is a differencing operator.

3. Theorems on related problems. The formulas for the ,F, functions in the
last section permit us to readily state results on related partial differential equations.
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For, by the formalism of the introduction, we may regard
ooy o ooy aps Bry oo oy Bas tP)

as a solution operator for

(3.1) [th f[ (tD,+B;—1)—tP(x, D) f[ (tD,+a,)] U(x, t) = 0.

Then, if we replace z by tP(x, D) in (2.6), (2.7), (2.8) and (2.9) and z by P(x, D)
in (2.5) and formally operate on a suitable data function ¢(x) on both sides of
these formulas, the relations obtained may be interpreted as connections between
solutions of (3.1). The results obtained can be proved, under suitable restrictions,
without resorting to the operator. We state and prove three basic theorems and
their corollaries for equations somewhat more general than the one given above.

Let P(x, D) and Q(x, D) denote two partial differential operators, of the type
previously described, of orders /; and /,, respectively. We often write these as P
and Q without changing their meaning. For simplification, let 0,(q, 8, t, D;)
=tD, [ 19—, (tD,+B;—1) where B is the vector (B, ..., B,), the number of com-
ponents being dictated by the number ¢ in the symbol 6,. With this notation,
6.(q—1,B,t, D)=tD, [}z (tD,+B;—1). Similarly, let

P
02([), o, t, Dt) =t | | (tDt+ai).
i=1

Let r=max (p+1/, g+1,). The differentiability assumptions we introduce are only
sufficient ones, and may be weakened for special solution representations.

LEMMA 3.1. Let p<q and assume that all «; and B; are positive. Let u(x, t) e C”
in x and t for t>0 such that u(x, t) and all of its derivatives through order r are
bounded. If lim,_, u(x, t) exists and is finite, then the function

(.2) Wix, t) = j ® om0~ tu(x, to) do
1]

satisfies the relation
[Q(x’ D)ol(qa /33 t, Dt)_P(xa D)Bz(P, o, t, Dt)] W(x’ t)

(3'3) = J:o e_doap-I[Q(x3 D)01(‘1, B, to, Dto‘)
—P(x, D)0,(p—1, «, to, D;,)]u(x, to) do.

Proof. We first observe that
(D, +a,)W(x, 1) = j e-90% ~ Yt Dau(x, o)+ ayu(x, ot)} do
0

= J‘ e 0% ~HoDu(x, to)+ a,u(x, to)} do
0
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since tDu(x, to)=oD,u(x, to). An integration of the first member of this by parts
(invoking the existence and finiteness of lim,.o, u(x, t)) gives (¢D;+a,)W(x, t)
=[g e ?c%u(x, to) do. Then

P(x, D)0y(p, e, t, DY)W(x,t) = P(x, D)8(p—1, o, t, Dt)f e~ %a%u(x, to) do
0
- f e=9a%[P(x, D)0y(p—1, o, t, D)Ju(x, to) do
0

= f e %% " 1[P(x, D)0y(p—1, «, to, D,,)lu(x, to) do

0

since tDu(x, to)=oDu(x, to)=(to) Dyu(x, te). Similarly
[Q(x, D)b(g, B, 1, D)IW(x, 1) = f: e~ 6% ~1[Q(x, D)8,(g, B, ta, Dy)lu(x, to) do.

The stated result follows from these two computations.
THEOREM 3.1. Let u(x, t) be a solution of the equation
3.4 [Q(x, D)b,(q, B, t, D;)— P(x, D)0y(p—1, o, t, D)Ju(x,t) = 0

satisfying the conditions of Lemma 3.1. Let o, >0. Then the function
(.5) Vix, 1) = {T(a)}-! f e=%0% ~1y(x, 1a) do
0
is a solution of the equation (3.4) with p replaced by p+ 1. If lim,_ o, u(x, t)=4¢(x),
with ¢(x) bounded and continuous, then lim,_,, V(x, t)=¢(x).

Proof. The fact that V(x, t) satisfies (3.4), with p replaced by p+ 1, follows from
Lemma 3.1. In order to show that the initial condition holds, set

W, 1) = Vi, =400 = (D)) [ €00t u, to) — ) do.
Since u(x, t) and ¢(x) are bounded, there exists M >0 such that
[D(p)] ™ Hulx, to)—¢(x)| < M.

Given &> 0, choose R>0 such that [ e~ %% ~! do < I'(e;,)e/{2M}. Then select ¢ so
small that

R
[T(e)] "t f e~ %% ~u(x, to)— P(x)| do < ¢[2.
0
With these relations, it follows that | W(x, t)| <& and proves that
lim V(x,t) = ¢(x).
t—0+

An examination of the integral (3.5) gives the following corollaries almost
immediately:
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COROLLARY 3.1a. Let S denote a cylindrical surface defined by an equation of the
form h(x)=0, and let B(x, D) be a nontangential (¢ independent) boundary operator
on S, of order <r. If B(x, D)u(x, t)|s=f(x, t), f bounded, then B(x, D)V(x, t)|s
=g(x, t) with g(x, 1)={T(e,)} " [¢ e~ °0% ~Yf(x, to) do.

COROLLARY 3.2b. If u(x, t) is an eigenfunction for the problem defined by equation
(3.4) and the condition B(x, D)u(x, t)|s=0, then the function V(x, t) defined by (3.5)
is an eigenfunction for the problem defined by the equation (3.4) with p replaced by
p+1 and satisfying the condition B(x, D)V(x, t)|s=0.

REMARK 1. An examination of the proof of Lemma 3.1 shows that it depends
in no essential way on the forms of the operators P and Q (except in requiring
u(x, t) to have a sufficient number of derivatives permitting the interchange of the
orders of the operations). The key steps involved arguments pertaining to the second
variable in u(x, fo), such as integration by parts, and using such relations as
tDyu(x, to)=aD,u(x, to)=(to) Dysu(x, to). This shows that the proof of this lemma
is, basically, the same as the proof of Theorem 2.2, and indicates why P and Q
can be treated as parameters. This observation points out why our formalism leads
to correct results. We will make use of this remark in the next two theorems.

LeMMA 3.2. Let all o; and B, be positive with B,> 1. Let U(x, t) € C" and assume
that U(x, t) and its derivatives through order r are bounded. Assume that

lim U(x, t)
t=0+

exists and is finite and let

(3.6) Wix, 1) = f ® em90ha-1U(x, to) do.
0
Then
[Qel(q— 19 B’ t’ Dt)—Pe2(p, a, t’ Dt)]W(x’ t)
3.7 - f ¥ e=90%-2[06,(q, B, 16, Dyp)— POy(p, , 10, Dy)IU(x, ta) do.
0

Proof. The proof is essentially the same as the proof of Lemma 3.1. The key
step is contained in the following chain of relations:

|7 emcan=2108:q. 8. 10, DU, 1) do
= J:o e—daﬁq—2[Q01(q’ /33 ts Dt)]U(x, tO‘) do
(.8) — 00,q—1,B,1, D)) f * 682 otD, +B,— 1]U(x, to) do

= 06,g-1,8,1, D) [ o*~%~71aD,U+(8,~ DU] do.
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An integration by parts, using the finiteness of U(x, 0), shows that the integral in
the last member of (3.8) reduces to W(x, t). The remainder of the proof follows
readily.

THEOREM 3.2. Let all oy and B, be positive with B,> 1. Let u(x, t) be a solution of
the equation

(3.9) [(Q0.(g—1, B, t, D)~ POx(p, «, t, D)Ju(x, t) =0
for t>0. Let
(3.10) U(x, t) = 1172l (B) %~ s~ Pau(x, 1/5)}s-r.

If U(x,t) exists and U(x,t)e C™ and U and its derivatives through order r are
bounded, then

(3'11) [Q01(q, Bs t, Dt)'—Pez’(p’ o, t, Dt)]U(x9 t) =0

for t>0. If u(x, 1/s) is bounded and analytic in s for Re (s)> k for some k>0, then
lim;_o, U(x, 1)=4¢(x).

Proof. The conditions on U(x, t) permit inverting (3.10) to give
u(x, 1) = (DB}~ f =90k~ 1U(x, to) do.
0

By Lemma 3.2, as applied to u(x, ?), it follows that the integral in the right member
of (3.7) vanishes. By the uniqueness theorem of Lerch, it follows that the integrand
in (3.7) must vanish. (Make the change of variables fo= ¢ to see that this theorem
is applicable with ¢ the variable of transformation.) This proves (3.11). That the
initial condition holds follows by a standard argument.

REMARK 2. The standard inversion theorems for the Laplace transform are too
severe to assert directly the existence and differentiability of U(x, ¢) in (3.10). In
special cases, the inversion in (3.10) can be carried out explicitly, and conditions
on U can be checked directly.

CoOROLLARY 3.1. Let B¥>B,>1 and let U(x, t; B,) be a solution of (3.11) defined
by (3.10). If U(x, t; BY) is obtained by replacing B, by B¥ in (3.10), then

1
U, 1; B) = J (1 — o)t ~Pa=108%-1U(x, to; B,) do
0

1
B(ﬂq’ B;‘ _Bq)
and U(x, t; BF) satisfies (3.11) with B, replaced by B¥.

Proof. This follows readily by applying the convolution theorem for Laplace
transforms to the formula of the type (3.10) defining U(x, ¢; B¥).

COROLLARY 3.2. Let S be a cylindrical surface defined by an equation of the form
h(x)=0 and let B(x, D) be a nontangential boundary operator of order <r. If



328 L. R. BRAGG [September

u(x, t) is a solution of (3.9) satisfying the condition B(x, D)u(x, t)|s=f(x, t), f(x, t)
bounded, then the function U(x, t) defined by (3.10) satisfies the condition

B(xs D)U(xa t)lS = g(xs t)

provided g(x, t)=1t1"5T(B)%,~ Ys Paf(x, 1/s)}s~i. In particular, eigensolutions of
(3.9) transform into eigensolutions of (3.11) by the relation (3.10).

THEOREM 3.3. Let p<q+1, B,>«,>0 and no one of the numbers B, ..., B,-1
zero or a negative integer. Let u(x, t) € C"~! satisfy the equation

(3'12) [Qel q— 1’ B, t Dt)_P02(p— 1’ a, t, Dt)]u(x, t) =0

Sfor t>0 such that lim,_, , u(x, t)=¢(x) with $(x) continuous. Let U(x, t) be defined by

(3.13) UG 1) = )l;,(fé':_%) f 2 ~1(1 — o)~ % ~Lu(x, to) do.

Then U(x, t) satisfies
(3’14) [Qol(q’ ﬁ’ A Dt)—P02(p, a, t, Dt)]U(x, t) =0
for t>0 and lim,_, U(x, t)=¢(x).

Proof. The proof that the initial condition holds is trivial. The Remark 1 permits
us to prove that U(x, t) satisfies (3.14). We need only verify that U(x, t) € C" for
t>0. We verify this if 8,—a,> 1. If we let

1
w(x, t) = f ¢% ~1(1—0)fa~% ~Ly(x, to) do.
0
Then
1
w(x, t) = f a% (1 —o0)fa~% "1y (x, to) do
0

1
= f 6% (1 — o)~ %~y (x, to) do
1]
since u,(x, to)=(o/t)u,(x, to). An integration of this last integral by parts gives
1
wx, 1) = —1-1 f (1= 0)fa=% 2% ~1[o, + (1 — B,)olu(x, 1o) do.
[}

Since u(x, t) € C"~1, the result follows.
Corollaries on boundary value problems can be proved that are analogous to
Corollaries 3.1a, 3.1b, and 3.2. We omit the statement of these results,

4. Theorems on index shifting. The theorems of the preceding section involved
shifts on the integers p and q. We now give results relating to the parameters o
and B;. In some of these theorems, we must select Q(x, D)=1.
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THEOREM 4.1. Let some of the numbers ., . . ., o, be negative integers or zero and
let —m be the largest of these nonpositive integers. If none of the B, are zero or
negative integers, then a solution of
(4°1) [ol(q’ ﬂa ta Dt)—P(xa D)02(p’ o, t9 Dt)]U(x, t) = 09
U(x, 0)=¢(x) is given by

P
[T ()

m L n t n .
42) Ux, 1) = $(x)+ = — P"(x, D)p(x)
"'Zl H (Bj)n !

i=1
provided that $(x) € C:™+D,

Proof. This follows directly from (2.1), Remark 1, and by regarding P(x, D) as
a parameter. The condition on ¢(x) suffices for (4.2) to define a classical solution.

THEOREM 4.2. Let some of the «;’s and B;’s be negative numbers none of which are
integers. Let —m+y=min (e, ..., a,; By,..., B With m a positive integer and
O<y<1. Let $(x) € C™*", Then if u(x, t) satisfies

q D
[tDt [ @D+B+m—1)—tP | ] (tDt+a,+m)]u(x, 1) =0,
i=1 i=1 A

u(x, 0)=¢(x), it follows that a solution of
[01(q9 B, t9 Dt)_P02(pa o, t, Dt)]U(x’ t) = Oa
U(x, 0)=¢(x) is given by

m-1 ].2.[ (O‘C)n n
Ulx, 1) = ;o ‘Izll(ﬁ) 'tﬁP"(x, Dy(x)
iin

1
+mec*tmPn(x, D) J (1 - o)y~ u(x, to) do
1]

where C and C* are described in §2.

The proof follows by Remark 1.
For the remaining theorems in this section, we need the following elementary
result:

4.3) (D, +y)(™U(x, t)) = t™(tDy+y+m)U(x, ).
Then we have:

THEOREM 4.3. Let U(x, t) be a solution of the equation

(4.4) [Qth(tDt+B,) [T (D+B-1)~Pby(p, at, D,)] U, 1) = 0,

I=15#1
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1=1Zq. Then the function V(x, t)=(tD,+B,)U(x, t) satisfies the equation

4.5) [Q0.(q, B, t, D))—POy(p, e, t, D)]V(x,t) = 0

if Ulx, t) e C™*1 If limyo U(x, t)=¢(x) and B,#0,

lim L V(x, £) = $(x).
t=0 B

Proof. The factors of the form (¢D,+y) commute with one another. If we sub-
stitute the expression for V(x, t) into (4.5), the first term there becomes

q
@ @d+p-0{0u)ed+p) TT (D+e-DU
J=1i7#1
while the second term reduces to
@.7 (tDy+B,— 1){tPO,}U
by (4.3). The result follows by subtracting (4.7) from (4.6) and noting (4.4).

THEOREM 4.4. Let u(x, t) be a solution of the equation

[Qol(q’ B: 1 Dt)_P02(p, o, t Dt)]u(x9 t) =0

with ue C™1, If 1<I=<p, then the function U(x, t)=(D,+o)u(x, t) satisfies the

equation
P

| 00a.b.1. D0-PueD4e+1) TT (Di+a)]| U 1) =0,
i=1;1#1
If y#0 and lim,_,, u(x, t)=4¢(x),
lim (UGx, 1)fer) = $()
Proof. The same as in the proof of Theorem 4.3.
From (4.3), it follows that

[Q6.(q; B, 1, D) —PO(p, o, tD))(t"U(x, 1))

4.8) =™ Q(tD,+m)Iq—[ (tDt+B,+m—l)—tPﬁ (tD,+a,+m)}U(x, t).
=1 i=1

If we select m=1-—p, for I=1,2,...,q, it follows that the operator in the right
member of (4.8) reduces to one of those in the class we have been considering.
From this we conclude

THEOREM 4.5. Let U(x, t) be a solution of the differential equation

[Q(tD.){tDt+(2—Bx)—1} [T @D+p—B)—tP]] (tDt+a‘+1—ﬂ,)]

I=L1#1 i=1

x U(x, t) = 0.
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Then the function V(x, t)=1t1~%U(x, t) satisfies

[Qel(q’ :B9 t, Dt)_P02(p’ o, t’ Dt)]V(x’ t) = O
forl=1,2,...,q.

5. Applications of related problems. In this section, we give some examples of
problems indicating how the connections obtained in §§3 and 4 can be applied in
particular cases. The relation of our results to those of A. Weinstein, for the
Euler-Poisson-Darboux equétion, will be discussed in §6.

ExampLE 1. Let U(x, t) satisfy the problem

G.1) z% (x, 1) = 83_(:] (x, t)—%—g(x, 1), U(x,0) = ¢(x)

with ¢(x) € C1. This second order hyperbolic equation degenerates, to a first order
hyperbolic equation, where the data is assigned. It is a curiosity, in this case, that
the right member of the equation in (5.1) contains all of the terms of the related
equation. The stated equation can be written in the form (1 —¢D,)U,= D, U, and
has the solution operator series ;Fo(l; —; tD,). By Theorem 3.1, the problem
related to (5.1) is u,=u,, u(x, 0)=4(x) which has the solution ¢(x+¢). By Theorem
3.1, it follows that a solution of (5.1) is given by

.2) Utx, 1) = f e-9d(x+10) do = 11 f =PIt (0) do.
[} x
If |$(x)| < Me** for some a>0 as x — oo, then the integral exists if 0<t<1/a. A
standard argument suffices to show that lim,_,,, U(x, #)=¢(x) for this type of data.
Next, replace D, in equation (5.1) by xD, and recall that e*Px$(x)=d(xe’).
Then

.3) UG, £) f ® e-op(xet) dt.

If ¢(x) is bounded, the integral in (5.3) exists. Its derivative may fail to exist
however. For if we take ¢(x)=sin (e*), then ¢(xe’*)=sin{e**"'} and ¢,(xe’)
=e%%e*¢” cos {e**"'}. In this case, the differentiated integral in (5.3) fails to converge
if x>0 and 7>0.

ExampLE 2. Consider the equation #*Uy(x, t)— D2U(x, t)=0. The associated
ordinary differential equation #*Y,,—a%?Y =0, obtained by replacing D, by a
constant a, has a regular singular point at t=o0. It seems plausible that we could
assign a value for lim,_, ., U(x, t) in advance, say ¢(x). With the change of variables
t=¢"1, the ordinary equation becomes Y, .+2Y,—a?(Y=0 which has the
normalized series solution oF;(—; 3/2; a2£2/4) near £=0. The solution operator
related to the stated partial differential equation then is

oFi(—; 3/2; D2/4t2) = tT(3/2)%,~ Hs=3/%eP34s}, -
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(by Theorem 2.5). If we formally operate on ¢(x) on both sides of this operator
relation, it results that
U(x, t) = tT'3/2)Z {s~*%u(x, 1/4s)}s=c-2
where u(x, t) is the solution of the heat problem u,= D2u, u(x, 0)=¢(x). Carrying
out this last inversion (by the results of [5]),
t x+t=1
Ulx,t) = 3 #(0) do.
x-t"1
It is easy to check that this U(x, ¢) has the desired properties if #>0. If
$(x) € L'(—0, ),
then lim,_,, U(x, ¢)=0.
ExAMELE 3. In a recent book [9, p. 182], the following problem was considered:
(6X)] Uix, t) = t"Upp+vt™2-U,, mZ2,

with U(x, 0)=¢(x), Uy(x, 0)=y(x) for the range |v|<m/2. We show that the
results of this paper permit obtaining solutions without imposing this restriction
on v. We take ¥(x)=0 in our analysis.

Under the change of variables £=(4/(m+2))t™*+2/2, the problem (5.4) becomes

(@ EUy +m T 2
(b) U(x, 0) = $(x).

The further transformation y=x—4¢§, z= ¢ permits us to reduce this to the problem

m—2u B
1)—zD (zD 2 +4)]U ~0

%fox'i'm U

(5.5 +2

@) [zD (zD -

(b) U(»,0) = ().

This form of the problem fits into our theory. After solving (5.6) by that theory,
we obtain successively, U(y, z), U(x, £€), and then U(x, t). To simplify expressions,
set a=(m—2v)/(2m+4) and B=m|(m+2). We will not treat the case « =<0, since
results follow readily from Theorems 4.1 and 4.2. We distinguish four cases.

Case 1. 0<a<p or |v|<m/2. Then Theorem 3.3 is applicable with u,=u,,
u(y, 0)=4(y) as the related problem. This has the solution u(y, z)=¢(y+z) so
that, by (3.13)

(5.6)

__TB (" e B-a-1
G.7) U ) = Fare=s f (1— )P =5~ 1¢(y+ z0) do.
A return to the original variables gives the solution in [9].

Case 2. «=f or v=—m/2. The equation in (5.6) reduces to U,= U,. The solution
of (5.6) then is ¢(y+2).



1969] HYPERGEOMETRIC OPERATOR SERIES 333

Case 3. «—B=k a positive integer or v=—34m—k(m+2), k=1, 2,.... Theorem
4.4 is applicable to give

z

U(y, 2) = (1 +Z Dz)(1+a+1 Dz)- : -(1+Oﬁ Dz)¢(y+z).

Case 4. o> B with k the least positive integer such that B+k >« or
—Im—k(m+2) <v < —3m—(k—1)(m+2).
Let U*#+¥(y, z) be the solution as defined in Case 1 with B replaced by B+k.
Theorem 4.3 then applies to give

Ueb(y, z) = (1 +3 Dz)(l s D2)~ . (1 +Iﬁpz)m»ﬂ+k(y, 2).

ExampLE 4. THE BELTRAMI PROBLEM. Theorem 3.1 can be extended to apply to
problems involving equations slightly different from the ones treated there. Under
the transformation t=¢-1, it follows that tD,= — £¢D, and that the equations of
the type we have been considering transform into the form

[(—1)”1’@ (EDg— ) +(— 10¢ 1’[ (§D¢+1—/3;)]U —0

if one takes B,,;=1. Solutions of this equation can be constructed from solutions
of an equation obtained by omitting one of the factors £D,+1—8, (I#q+1) by a
theorem entirely similar to Theorem 3.1. The only restriction is that 1—8,>0.
The relating of the solutions of these at £=0 corresponds to the relating of the
solutions of the nontransformed equations at t=oco. This minor extension is
needed to treat Dirichlet type problems.

Consider the Beltrami problem

(5.8) Uu(x, t)+(a/t)Ufx, )+ A, U(x, t) = 0, U(x, 0) = ¢(x)
where A, is the Laplacian operator. Under the change of variables t=¢-1/2, the
equation in (P1) transforms into
{#An+£(ED) (D +(1—a)[2)}U = 0.
Similarly, the change of variables 1=1/(4¢) in the heat problem
5.9 w(x, t) = Au(x, t), u(x,0) = ¢(x)

leads to the equation [A, + (£)(¢§D,)Ju=0. The extended version of Theorem 3.1
then formally shows that

U(x, 6—112) = e—do—(a+1)I2u(x’ 1/(40.5)) do.

1 J“”
I((1-a)/2) Jo
provided a< 1. A return to the original variable ¢ gives the formula

tl -a © 2
e~ ot o—(a+1)/2u(x’ 1 /(40.)) do.

oD = ra=am
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It is easy to show that if u(x, ) is a bounded solution of (5.9) corresponding to
bounded and continuous ¢(x), then U(x, ¢) is a solution of (5.8). Observe that the
restriction a<1 required for the correct posing of the problem (5.8) arises in a
rather natural way by this method. If we introduce

u(x, t) = (4nt)~"2 exp[— Z (x— &)2/4¢ ],
i=1
the above formula gives the fundamental solution for (5.8). This result was obtained
earlier by J. B. Diaz [13].

6. The Euler-Poisson-Darboux equation. It has been shown in [6] that the
Euter-Poisson-Darboux initial value problem

6.1 Uu+(a/t)U, = P(x, D)U, U(x,0) = ¢(x), Ufx,0) =0
has the solution operator O(¢, P) given by

2@~ DBT((g+1)[2)r -7
o P) = (lg(a—l))li ) Lo _1y2(tPY2).

This operator can be more conveniently expressed in the form
O(t, P) = oFi(—; (a+1)/2; 3?P).

As we have seen, this operator is meaningful if (a+1)/2# —m, m=0,1,2,....
The cases with equality require use of the operator

1

T+ %P
With the change of variables ¢ =4¢2, the equation in (6.1) becomes
(6.2) {€D((D:+[(a+1D2]-1)—£EPYU(x, §) = 0

and fits into our theory. We now show how our results specialize to give many of
the relations obtained by A. Weinstein. (See [11], [12]. The last of these contains
numerous other references.)

Theorem 4.5 asserts that if f(x, £) satisfies (6.2) with a replaced by 2—a, then
the function g(x, &)= £ ~@*+%f(x, £) satisfies (6.2). If we denote a solution of the
equation in (6.1) corresponding to a by U®(x, t), then this last relation, after a
return to the ¢ variable, states that U@(x, t)=t*~2U?~9(x, t), one of the Wein-
stein index shifting relations. The Theorem 4.3 states that if f(x, £) is a solution of
(6.2) with a replaced by a+2, then g(x, £€)=f(x, £€)+(2/(a+1))éfi(x, t) is a solution
of (6.2). Returning to the variable ¢, this becomes (in the above notation)

(6.3 U®(x,t) = (1+(/(a+1))D)U+?(x, t).

When this is coupled with the above formula, it is easy to derive U®*?(x, ¢)
=t ~Y(9/ot){U ®(x, t)}, the other Weinstein formula.
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If a=1, the results in [6] are applicable. Now assume that a=—1-—2m+2y
with m=0, 1, 2, ... and 0<y< 1. Then Theorem 4.2 shows directly that a solution
of (6.1) is given by

m-1 anpn
(@ - T(_ F3)"P™(x, D)$(x)
U D = Tmtn) 2 T my)

1 T(=m+y) (t\",. 1 -
m=D!" T(y) ('—) P™(x, D)J; (1—o)"~1UN(x, to) do.

+

)

Sufficient differentiability requirements on #(x) are assumed for the validity of this.
If y<1, we can obtain U from U“*? by (6.3).

Finally suppose that a=—2m—1, m=0, 1, 2,.... The first of the above Wein-
stein shift relations provides a method for obtaining a solution of the equation in
(6.1). That solution cannot satisfy a given initial condition. We now show how the
theory of ordinary differential equations can be profitably used here. The Weinstein
criterion requiring polyharmonic data if P=A,, the Laplacian, falls out.

The ordinary differential equation associated with (6.1) is Y,—((2m+1)/t)Y;
=qy. Its indicial equation has roots 0 and 2m+2 which differ by an integer. The
theory of ordinary differential equations suggests that (6.1) has a solution operator
of the form O(t, P)=A(¢t, P)+ B(t, P) In t. Substituting into (6.1), 4 and B must
satisfy the operator relations:

@) [Bt,—2’”t+1 Bt—PB] $(x) = 0
6.4)
(b) [A,, Sl g pa- (2”; ;*2)B+% B,]q&(x) ~ 0.

If we select B(t, P)=1t2™*2C(P), then (6.4a) holds if {PC(P)}- é(x)=0. The operator
C(P) is determined in such a way that (6.4b) becomes solvable. From the usual
series approach, we can solve for 4 in powers of #2P if we select

N Gl V.
CP) = smvtmigmr 1)1
Then (6.4a) holds if we require ¢(x) to satisfy
6.5 Pm*3(x, D)p(x) = 0.

This contains the polyharmonic requirement on the data if P(x, D)= A,. A solution
operator for the problem can be expressed as

_ < (=WYm=p)' . gps (=P *3 00 ¢

(6.6) 0P = 2 “—mrr 1P+ Gy D1

Observe that lim,_ o, 22™+2 In tP™*1¢(x)=0 for all ¢ satisfying condition (6.5).
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